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Abstract 
We investigate graph colorings that satisfy the restraint that the color assigned to a given 
vertex must belong to a set of allowable colors or the restraint that it must not belong to a 
set of disallowed colors. Following ErdGs et al. [lo], we say that the graph G is k-choosable 
if whenever sets S(n) of size k are assigned to vertices x of G, there is an ordinary graph 
coloring of G so that the color assigned to x belongs to S(x). Following Brown et al. [7], we 
say that G is (j, m)-amenable if whenever subsets R(x) of { 1,2,. , m} of size j are assigned 
to vertices x of G, there is an ordinary graph coloring using colors in { 1,2,. , m} so that the 
color assigned to x does not belong to the set R(n). We shall observe that for any graph G and 
positive integer k, there is a number J,(G) which is either a nonnegative integer or 00, so that 
for any positive integer j, G is (j,j+k)-amenable if and only if j < Jk(G). It is straightforward 
that G is k-choosable if and only if it is k-colorable and Jk(G) = co. We study the problem of 
identifying graphs with Jk(G) =J. 
Keywords: Coloring; List coloring; Choosability 
1. Introduction 
Many practical problems of graph coloring involve restraints on the color to be used 
on a given vertex. These restraints can be stated positively by giving a set of colors 
allowed for vertex x, or negatively by giving a set of colors not allowed for vertex x. 
In this paper, we investigate graph coloring problems which arise from both kinds of 
restraints. 
If G = ( V,E) is a graph, we shall think of an ordinary graph coloring as a function 
f from V into the set of positive integers, with f(x) # f(y) if {x, y} EE(G). For other 
graph-theoretical terms, see [6]. Suppose S(x) is a list of positive integers for each x 
in V. We say that an ordinary graph coloring f is an S-list coloring if f(x) E S(x) for 
all x in V; if such an f exists, we say that G is S-list colorable. We say that G is 
k-choosable if there is an S-list coloring for every S with IS(x k for all x. List col- 
orings were introduced by Vizing [22] and Erdiis et al. [lo] and have also been studied 
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by Albertson and Berman [l], Tesman [18], Mahadev et al. [17], Alon and Tarsi [3], 
Gutner [12], Voigt [23, 241, Kratochvil and Tuza [16], Thomassen [19, 201, Galvin [I 11, 
Hanson et al. [15], and others. Similar ideas for edge colorings were introduced by 
M. Albertson and K. Collins in 1981 and independently by R.P. Gupta (see [S]) 
and have been studied by Bollobis and Harris [4], Bollobis and Hind [5], Chetwynd 
and Haggkvist [9], and others. Recent surveys on list colorings are by Alon [2] and 
Haggkvist and Chetwynd [ 131. The survey by Alon lists some 5 1 references. 
Suppose that X is a set of positive integers and R(x) 2 X for each x in V. We 
say that an ordinary graph coloring f is an R-amenable coloring using X if f(x) E 
X - R(x) for all x in V; if such an f exists, we say that G is R-amenable using X. 
Amenable colorings have been studied by Brown et al. [7] and by Tot? [21]. Of course, 
if X=lJxEY S(x) and R(x) =X - S(x), then f is an S-list coloring if and only if f 
is an R-amenable coloring using X. 
Following Brown et al. [7], let us fix integers m,j such that m > j > 0 and suppose 
that for every x in V, R(x) is a j-element subset of { 1,2,. . . , m} and that R is not 
constant. We call such an R a (j,m)-restraint. We say that G is (j,m)-amenable if 
there is an R-amenable coloring using colors in { 1,2,. . . , m} for every such R. This 
definition differs from that of Brown et al. in the case j > 1, where they allow R to 
be a subset of at most j elements. Note that if we modify the definition to include 
constant R, this implies that every (j, m)-amenable graph is (m - j)-colorable. 
We shall observe that for any graph G and positive integer k, there is a number 
Jk(G) which is either a nonnegative integer or 00, so that if j is a positive integer, G 
is (j, j + k)-amenable if and only if j 6 Jk(G). Thus, in particular, Jk(G) = 0 if and 
only if G is not (j, j + k)-amenable for any positive j. 
Our interest in the parameter Jk(G) was partly motivated by the relationship be- 
tween k-choosability and (j,m)-amenability. It is straightforward to show that G is 
k-choosable if and only if G is k-colorable and is (j, j + k)-amenable for all j > 0, 
i.e., if and only if G is k-colorable and Jk(G) = 00. 
The main purpose of this paper is to introduce the parameter Jk(G) and to give 
examples of both k-colorable and non-k-colorable graphs G with Jk(G) = J for different 
k and J. 
2. The condition Jk = J 
In this section, we compile some very simple results that we will use frequently in 
the following. For any graph G and positive integer k, define 
Jk(G) = 
I 
0 if G is not (j, j + k)-amenable 
for any j > 0, 
03 if G is (j,j + k)-amenable 
for all j > 0, 
max{j: G is (j, j + k)-amenable} otherwise. 
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The first proposition summarizes some simple properties of (j,m)-amenability. 
Proposition 1. (a) If M > j > 0 and G is (j + 1, m + 1 )-amenable, then G is (j, m)- 
amenable. 
(b) For any positive integers j and k, graph G is (j, j + k)-amenable if and only 
if j < Jk(G). 
(c) Ifk > 0 and0 < J < M, then Jk(G)=J ifand only ifG is (J,J+k)-amenable 
and not (J + 1, J + k + 1)-amenable. 
(d) If k > 0, then Jk(G) = 0 if and only if G is not (1, k + 1 )-amenable. 
Proof. (a) is straightforward and (b)-(d) follow from (a). 0 
Remark 2. For a k-colorable graph G which is not k-choosable, L = k + Jk(G) + 
1 is the smallest integer such that there exists an un-list-colorable list assignment 
consisting of lists of size k from a set of L colors. Thus, finding the value of Jk(G) 
is of interest for list coloring. Note that Jk(G) can be positive without G being 
k-colorable. Any k-colorable, non-k-choosable graph such as those given by Erd6s 
et al. [IO] gives an example of such a graph. 
We say that a graph G is vertex c-critical, or just c-critical, if x(G) = c and x(G--11) 
< c for all vertices v of G, and vertex critical if it is c-critical for some c. We say 
that G is edge c-critical if x(G) = c and x(G - e) < c for all edges e. 
Proposition 3. If k > 0, G is not k-colorable, and Jk(G) > 0, then G is (k+l)-critical. 
Proof. Let j be a positive integer which is at most J. We know that G is (j, j + k)- 
amenable. We first observe that if H is any proper induced subgraph of G, then 
x(H) 6 k. To see this, define a (j,j + k)-restraint R to be {k + 1,. . , k + j} on all 
ofH and {k,k+2,k+3 ,..., k + j} outside of H. Let f be an R-amenable coloring 
of G. This must be an ordinary coloring of H in at most k colors and an ordinary 
coloring of G in at most k + 1 colors. Since G is not k-colorable, it follows that 
X(G)=k + 1. 0 
Remark 4. A graph G of chromatic number x is called amenable by Brown et al. [7] 
tf it is (1, x)-amenable. By Proposition 3, every amenable graph G is vertex critical, 
because Jk(G) = J for k = x - 1 for some J # 0. As we note in Remark 21 below: all 
k-critical graphs, k < 3, have Jk-1 = CC and in particular are amenable. Brown et al. 
show that there are edge 4-critical graphs without isolated vertices that are not 
amenable, and such graphs must be vertex I-critical. 
Proposition 5. If G is K2 or has no edges, then J,(G) = m; otherwise, J (G) = 0. 
Proof. The first part is straightforward. The second part follows by Proposition 3, since 
J,(G) # 0 implies G is K2, which implies Jl(G)=co. 0 
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3. Proving amenability and nonamenability 
In this section, we shall provide tools for proving that a graph is or is not (j,m)- 
amenable, and use these tools to give some graphs which illustrate the conditions 
Jk =J. 
We now introduce a tool for proving nonamenability. If 0 < j 6 m and 0 d s 6 j, 
let us say that D is an [m, j,s]-array if D is a collection of j-element subsets of 
{1,2,... , m} such that every s-element subset of { 1,2,. . . , m} is contained in at least 
one of the j-element subsets of D. Let c(m, j,s) be the size of smallest [m, j,s]-array, 
i.e., the number of j-element sets in it. By using all j-element subsets from { 1,2,. . . , m}, 
one of course gets an [m, j, j]-array and so c(m, j, j) d (7). (In fact, equality is straight- 
forward.) Note also that using one j-element subset from { 1,2,. . . , m}, one gets an 
[m, j, O]-array, and so c(m, j, 0) = 1. It is straightforward to see that c(m, j, 1) = [m/j]. 
Also, if 0 < s 6 j < m, then c(m,j,s) > 1, since no single j-element subset could con- 
tain all s-element subsets. We summarize these simple observations in the following 
lemma. 
Lemma 6. Suppose 0 < j d m. Then 
(a) c(m,j, 0) = 1, c(m, j, 1) = rm/il, 4W,i) = (I). 
(b) If 0 < s ,< j < m, c(m, j,s) > 1. 
Proposition 7. Suppose G is a graph ivith at least two vertices, A a subset of the 
vertex set of G, 0 < j < m, 0 6 s 6 j, and IAl B c(m, j,s). Then there is a (j,m)- 
restraint R(m, j,s) on G such that any R(m, j,s)-amenable coloring uses at least s + 1 
colors on A, and the same conclusion holds for any modification of R(m, j,s) outside 
A that keeps the restraint nonconstant. 
Proof. If s = 0, let R be any nonconstant (j, m)-restraint and the result is obvious. If 
s > 0, let R = R(m, j,s) be defined by assigning to some c(m, j,s) elements of A the 
j-element subsets in an [m, j,s]-array D of size c(m, j,s), and any j-element subsets of 
{ 1,2,. . . , m} to the remaining vertices. By Lemma 6, c(m, j,s) > 1 and so R(m, j,s) is 
nonconstant. Given any s colors from { 1,2,. . . , m}, there is some j-element subset in 
D containing all of these colors. Since this j-element subset is R(x) for some x in A, 
we cannot color x with any of these s colors. Changing R outside A does not change 
the argument. 0 
Throughout this paper, K(uI, 242,. . . , up) will stand for the complete p-partite graph 
with vertex set partitioned into p classes At, AZ,. . . , Ar, called the partite classes, where 
(Ai] = ui > 0, for all i. 
Corollary 7.1. Suppose that 0 < I < m, 0 < si < 1 for i = 1,2,. . . , p, 
u, 2 C(m,/,Si) for i= 1,2 ,..., p, (1) 
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and 
P 
c (s, + l)>m. 
i=l 
Then G = K(ul, ~42,. . . ,up) is not (I, m)-amenable. 
(2) 
Proof. Note that G has at least two vertices, for otherwise p = 1 and sr + 1 > m > 1, so 
SI > 1, which is a contradiction. Let the (1, m)-restraint R be defined by using R(m, l,si) 
of Proposition 7 on each partite class Ai. Since G has at least two vertices, we can 
choose R(m, l,si) so as to guarantee that R is nonconstant. By Proposition 7, any 
R-amenable coloring f requires at least si + 1 colors on Ai. Moreover, the colors used 
on each class must be different. Hence, the coloring requires at least C(si + 1) > m 
colors and only m are available. 0 
The next few results give us methods for proving amenability. 
Theorem 8. Suppose 0 < 1 < m and let G = K(uI, 2.42,. . . ,up >. Suppose 0 < q < p and 
suppose that ji)r i = 1,2,. . , , q, we can write 
c, 
2i.i = c Vit, (3) 
t=1 
where c, and vii are positive integers uch that 
i-l 
1Vit <m-CCs, t= 1,2,...,Ci. (4) 
s=l 
Suppose that in addition, 
4 
m- c Ci 2 (P - 4X1 + l>. (5) 
i=l 
Then G is (1, m)-amenable. In particular, if 
lUi <m-i+ 1, i= 1,2 ,..., 4, (6) 
and 
m - 9 2 (P -4X1 + I), 
then G is (1, m)-amenable. 
(7) 
Proof. Let R be an (1, m)-restraint for G. Let Ai be the independent set of size u,. 
By (3) for i= I,2 ,..., q, we can partition Ai into Ci sets Bit of size Uit. There are at 
most lvil colors in U{R(x): x E Bit}. Hence, by (4), there is one color in { 1,2,. . . , m} 
which we can use to color all elements x in BI 1. Following the same idea, we can color 
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all of Bt2 with one color, and eventually all of At in at most cl colors. Similarly, A2 
can be colored in at most c2 colors which are different from the colors used to color Al. 
Continuing with this procedure, we can color Al, Al,. . . ,A, with c:=, ci colors from 
{1,2,..., m} so that the colors used to color Ai are all different from the colors used 
to color Aj if ifj. 
If (5) holds, there is a set C consisting of at least (p - q)( 1 + 1) colors not yet used 
on Al , . . . , A,. Partition the colors in C into p - q groups of I + 1 each, assigning one 
group to each Aj, i = q + 1,. . . , p. Now Ai, q + 1 < i < p, can be colored using its 
group of 1 + 1 colors, since every R(x) for x in Ai has only I elements and so omits 
at least one of the elements of its group of I + 1 colors. This gives us an R-amenable 
coloring of G. 
The second part follows by taking ci = 1 for all i. 0 
Theorem9. SupposeO<l<m,G=K(u,,u2 ,..., u,),O,<q<p,andfori=1,2 ,..., q, 
Ui < (“-‘:-“‘>. 
Suppose that in addition, 
m - ql 3 (p - q)(Z + 1). (9) 
Then G is (1, m)-amenable. 
Proof. Let R be an (I, m)-restraint. By (8), there is an Z-element subset from 
{ 1,2,, . . , m} not used in any R(x) for x in Al. Hence, we can color Al using at most 
the 1 colors in this Z-element subset. By (8) there is an Z-element subset from the set 
consisting of { 1,2, . . . ,m} less the Z colors possibly already used on A1 which is not 
used as R(x) for any x in AT. Hence, we can color A2 using the Z colors from this 
Z-element subset. Continuing with this procedure, we can color Al,A2, . . . , A, with qZ 
colors from ( 1,2, . . . , m} so that the colors used to color Ai are all different from the 
colors used to color Aj if i # j. The rest of the proof is identical to the second part of 
the proof of Theorem 8. (Here, ci = I, i = 1,2,. . . , q.) 0 
We shall illustrate a number of our ideas with a class of complete p-partite graphs. 
To define the class, suppose that k > 0, j > 0, and that 
j+k=(j+l)x+y, O<y<j+l. (10) 
Define graph E(k, j) as follows. If y < j, let E(k,j) = K( 1, 1, . . . , 1, (jf”), (i;“), . . . , 
(IT”)), with x classes of size VT”) and y + 1 classes of size 1. If y = j, let E(k, j) = 
K( VT”)) (q”). . . . ) (y”))) with x + 1 classes of size ft”). 
Proposition 10. Zf k > 0 and j > 0, then E(k, j) is not (j, j + k)-amenable. 
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Proof. We use Corollary 7.1 with m =j + k, I =j. By Lemma 6, if the ith class has 
one element and we take s, = 0, then (1) holds. A!so by Lemma 6, if the ith class has 
(‘T”) elements and we take .si = j, again (1) holds. Hence, if y < j, then (10) gives us 
P 
c (si+l)=y+l+(j+l)x>j+k, 
i=l 
which gives (2). By Corollary 7.1, E(k,j) is not (j,j + k)-amenable. If y=j, (10) 
gives us 
and we again conclude from Corollary 7.1 that E(k,j) is not (j,j + k)-amenable. 0 
Theorem 11. Suppose that k > j > 0. Then E(k,j) is k-colorable and has Jk = j - 1. 
Proof. We first prove that Jk(E(k,j)) =j- 1. By Proposition 10, E(k,j) is not (j,j+k)- 
amenable. If j = 1, J@(k,j)) = 0 follows by Proposition 1. So, suppose that j > 1. 
We now show that E(k,j) is (j - 1, j + k - I)-amenable. Then, by Proposition 1, 
Jk(E(k,j)) = j - 1 follows. Let R be a (j - 1 ,_j + k - 1 )-restraint. Note that since 
k>j+l,wehavej+k>2j+l.Thus,by(lO),wehavex~l andify<j,then 
x32.WenowapplyTheorem8.Ify<j,takeq=y+l,p=y+x+l,m=j+k-1, 
l=j- 1, and ui=l for i=1,2,... , q. Using (lo), we verify in a straightforward way 
that (6) and (7) are satisfied. If y = j, then take q = 0, p =x + 1, m = j + k - 1, and 
I =j - 1. Eq. (6) holds vacuously. Again using ( lo), it is straightforward to verify (7). 
Hence, in both cases, by Theorem 8, E(k, j) is (j - 1,j + k - 1)-amenable. 
Now we prove that E(k, j) is k-colorable for k > j > 0. Suppose first that y < j. 
Then x 3 2. Hence. 
k=x+y+j(x-l)>x+y+l, 
and x + y + 1 is the number of classes in E(k, j). Suppose next that y = j. Then since 
j3 1 andxa 1, 
k=(j+ 1)x ax+ 1, 
and x + 1 is the number of classes in E(k, j). 0 
4. k-colorable graphs with Jk = 0, 1,2, or 3 
In this section, we give a complete description of the values of k for which there 
are k-colorable graphs with Jk < 3. 
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Theorem 12. There is a k-colorable graph with Jk = 0 if and only if k 2 2. 
Proof. If k > 0, define F(k) as follows. If k is even, F(k) = K(k + 1, k + 1,. . . , k + 1) 
with (k+2)/2 classes; if k is odd, F(k)=K(k+ l,k+ l,...,k+ l,l), with (k+3)/2 
classes. By a proof analogous to the proof of Proposition 10, using Corollary 7.1 
with m =j + k + 1 and 1 =j + 1, one can show that F(k) is not (1, k + I)-amenable, 
k > 0. Hence, by Proposition 1, Jk(F(k)) = 0. If k = 2, graph F(k) has (k + 2)/2 = k 
classes, and so is k-colorable. If k > 3, graph F(k) has (k + 3)/2 6 k classes, and so 
is k-colorable. By Proposition 5, there is no l-colorable graph with J1 = 0. 0 
Theorem 13. There is a k-colorable graph with Jk = 1 if and only if k > 2. 
Proof. By Theorem 11, if k > 3, graph E(k, 2) is k-colorable and Jk(E(k, 2)) = 1. The 
graph K(2,4), and more generally K(2,x), x 2 4, is 2-colorable and has 52 = 1. To 
see why, note first that for any x b 1, K(2,x) is (1,3)-amenable. For x > 4, K(2,x) 
is not (2,4)-amenable. To see why, let R be the following (2,4)-restraint. Use { 1,2} 
and {3,4} on the 2-element partite class Al and use {1,3}, {1,4}, {2,3}, {2,4} on 
the x-element partite class AZ, with repetitions as needed. Then there is no R-amenable 
coloring f. Thus, for x 3 4, Jz(K(2,x)) = 1. Finally, for x > 4, K(2,x) is 2-colorable. 
Lastly, by Proposition 5, no graph has J1 = 1. q 
Theorem 14. There is a k-colorable graph with Jk = 2 if and only if k >, 3. 
Proof. Proposition 5 shows that no graph has J1 =2. The proof that no 2-colorable 
graph has Jz = 2 will be deferred until Theorem 20 below. If k 2 4, then by 
Theorem 11, graph E(k, 3) is k-colorable and has Jk = 2. 
Suppose that k = 3. We note that graph K(6,20) is obviously 3-colorable and we 
shall show that J~(K(6,20))=2. The triples {1,2,6}, {1,3,4}, {1,4,5}, {2,3,5}, 
{2,4,6}, (3,526) f orm a [6,3,2]-array since they contain all pairs from { 1,2,3,4,5,6}, 
and so c(6,3,2) d 6. (In fact, c(6,3,2) = 6.) Also, by Lemma 6, c(6,3,3) = (i) = 20. 
Thus, by Corollary 7.1, K(6,20) is not (3,6)-amenable. It is (2,5)-amenable by Theo- 
rem 9. To see this, note that Eqs. (8) and (9) hold with q = 1, so Theorem 9 applies. 
Thus, J3(K(6, 20)) = 2. 0 
Proposition 15. Suppose I > 0, G = K(ul,u2), and 
21 
u1 +uz < 0 1 . 
Then G is (1,21)-amenable. 
(11) 
Proof. Let R be an (l,21)-restraint. There are at least (:‘) - ui Z-element subsets of 
{1,2,..., 21) not used as R(x) for x in A 1. Each such subset has a distinct Z-element 
complement in { 1,2,. . . ,21}. By (1 1 ), at least one of these complements is not used 
as R(x) for x in AZ. Let X be an l-element subset which is not used on Al and whose 
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complement is not used on AZ. Then we can color Al with colors from X and A2 with 
colors from the complement of X q 
Theorem 16. There is a k-colorable graph with Jk = 3 if and only if k > 3. 
Proof. Proposition 5 shows that no graph has Jl = 3. The proof that no 2-colorable 
graph has 52 = 3 will be deferred until Theorem 20 below. If k > 5, then by 
Theorem 11, graph E(k, 4) is k-colorable and has Jk = 3. 
We next observe that graphs K(7,7) and K(6,l l), which are trivially 3-colorable, 
have property J3 = 3. To see that they are (3,6)-amenable, we note that Eq. ( 11) 
holds for K(7,7) and K(6,ll). Hence, (3,6)-amenability follows from Proposition 15. 
Mahadev et al. [17] show that the graphs K(7,7) and K(6,ll) are not 3-choosable. 
Their proofs give nonconstant lists S(X) of size 3 chosen from the set { 1,2,. . . ,7} 
and show that there can be no S-list coloring. Then R(x) = { 1,2,. . . ,7} - S(X) is 
a (4,7)-restraint for which there is no R-amenable coloring, so K(7,7) and K(6,ll) 
are not (4,7)-amenable and Js(K(7,7)) = Js(K(6,ll)) = 3. 
Finally, we show that Jd(K(14,70)) =3. To see that K(14,70) is (3,7)-amenable, 
we use Theorem 9 with q = 1. It is straightforward to verify Eqs. (8) and (9). To 
see that it is not (4,8)-amenable, we use Corollary 7.1 with SI = 3, ~2 = 4. Note that 
by Lemma 6, c(8,4,4) = (i) = 70. It suffices to show that c(8,4,3) d 14. To see this, 
note that the following 14 4-element sets from { 1,2,. . . ,8} contain all 3-element sets 
from {1,2,...,8}: 
1234,3456,5678,1278,1256,3478,1357,2468,1467,2358,1368,2457, 1458,2367 
(In fact, one can show that c(8,4,3) = 14.) 0 
5. k-colorable graphs with Jk < w 
We have already determined in Proposition 5 the values of J < 00 for which there 
can be l-colorable graphs with 51 = J: There are none. In this section, we seek analo- 
gous results for k-colorable graphs with Jk = J < 00, and obtain such results for k = 2 
and 3. In the process, we shall fill in two missing results from the proofs of Theorems 
14 and 16, namely that there are no 2-colorable graphs with J2 = 2 or 3. 
We shall make heavy use of the results and methods of the paper by ErdGs et al. 
[lo]. Following their notation, let &a, b,c) be the graph consisting of two vertices, 
x and y with disjoint paths of lengths a, b, and c from x to y. Thus, for example, 
0(2,2,4) is the graph shown in Fig. 1. Also, C, is the cycle of length p. If G is 
a connected graph, its core is the graph obtained by successively removing vertices of 
degree 1 until one obtains a connected graph with no vertex of degree 1. 
Theorem 17 (Erdiis et al. [lo]). A graph G is 2-choosable if and only if the core of 
G is either KI , C2,,,+2 for m b 1, or 0(2,2,2m) for m 2 1. 
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Fig. 1. Q(2, 2, 4). 
The following result is proved in the course of proving Theorem 17. 
Lemma 18 (Erdos et al. [lo]). Suppose that G is a connected graph with no vertices 
of degree 1. Zf G is not 2-choosable, then G contains a subgraph of one of the 
following five types: 
Type 1: An odd cycle. 
Type 2: Two vertex disjoint even cycles connected by a path. 
Type 3: Two even cycles having exactly one vertex in common. 
Type 4: @(a, b, c) where at least two of a, b, c are direrent from 2 and there are 
no odd cycles. 
Type 5: The graph L(2p) consisting of K(2,3) plus a path of length 2p joining 
the two vertices in the class of two vertices. 
The graph L(2) of this lemma is of course K(2,4). The graph L(4) is shown in 
Fig. 2. (Actually, Erdijs et al. do not add that there are no odd cycles to the definition 
of type 4. However, this can be added without a problem since graphs with odd cycles 
are already in class 1.) 
Theorem 19. Suppose that G is a 2-colorable graph which is not 2-choosable. Then G 
is not (2,4)-amenable. Zf G is (1,3)-amenable, then G contains K(2,4) as a subgraph. 
Proof. It suffices to assume that G is connected and has no vertex of degree 1. For 
suppose the theorem is true for such graphs. If G is not connected, then we can argue 
for each connected component. If G is connected and has a vertex of degree 1, then 
let H be the core of G. Obviously, if H is not (2,4)-amenable, then G is not (2,4)- 
amenable. Moreover, if G is (1,3)-amenable, then H is (1,3)-amenable and so H has 
K(2,4) as a subgraph. 
Thus, suppose that G is connected and has no vertex of degree 1. Since G is not 
2-choosable, it contains a subgraph of one of the types given in Lemma 18. Since 
G is 2-colorable, it cannot contain a subgraph of type 1. We shall show that the 
graphs of types 2 through 4 are not (1,3)-amenable and, hence, by Proposition 1, not 
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Fig. 2. L(4) 
(2,4)-amenable. We shall also show the same for the graphs L(2p), p > 1, of type 5. 
Finally, we shall show that the graph L(2) of type 5 is not (2,4)-amenable. This will 
complete the proof. 
Consider a graph of type 2. Let the path go from vertex x on one cycle to vertex y 
on the other, let the first cycle be x, a, b, . . .,x and the second be y, c, d,. . . , y. Consider 
first the case where the path between cycles is of odd length. Define R by letting 
R(a) = R(c) = {l}, R(b) = R(d) = {2}, R(u) = (3) otherwise. Then R is a nonconstant 
(1,3)-restraint and it is easy to see that there is no R-amenable coloring. Suppose 
next that the path has even length. Now let R(a)=R(d)= {2}, R(b)=R(c)= { l}, 
R(u) = (3) otherwise. Again, this is a nonconstant (1,3)-restraint with no R-amenable 
coloring. 
Every graph of type 3 can be considered a graph of type 2 with a path of length 0, 
and so the case of type 3 is covered by the previous argument. 
Consider now a graph &a, b, c) of type 4. Let x and y be the two vertices of degree 3 
and let x,p,q ,..., y and x,r,s ,..., y be two paths of length > 2. (There must be two 
such since at least two of a, b, c are different from 2 and there are no odd cycles.) 
Define R by R(p)= R(s) = {l}, R(q) =R(r) = {2}, R(u) = (3) otherwise. Then R is 
a nonconstant (1.3)-restraint and, using the fact that there are no odd cycles, it is easy 
to see that there is no R-amenable coloring. 
Next, consider a graph L(2p), p > 1, of type 5. Let L(2p) have vertices a,b,c 
in the class of three elements in K(2,3), vertices x and y in the class of two el- 
ements, and a path x, p,. . . , q,y. Define a (1,3)-restraint R on L(2p) as follows: 
R(x) = R(a) = R(q) = {l}, R(y) = R(b) = R(p) = {2}, R(u) = (3) otherwise. Then R is 
a nonconstant (1,3)-restraint and there is no R-amenable coloring. 
Finally, consider a graph L(2) = K(2,4) of type 5. Let R assign the sets { 1,2} and 
{3,4} to the two vertices of one class and the sets {1,3}, {1,4}, {2,3}, {2,4} to the 
four vertices of the second class. Then R is a nonconstant (2,4)-restraint and there is 
no R-amenable coloring. 0 
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Theorem 20. If graph G is 2-colorable, then Jz(G) = 0, 1, or cm. Zf G is not 2- 
colorable, then Jz(G) = 0 or 00. 
Proof. The first statement follows by Theorem 19 and the observation that for all 
k > 0, G is k-choosable if and only if G is k-colorable and Jk(G) = 00. To prove 
the second statement, suppose that G is not 2-colorable and Jz(G) # 0. Hence, by 
Proposition 3, G must be 3-critical. Thus, as is well known, G must be an odd cycle. 
But every odd cycle has J2 = 0;). To show this, we need to show that every odd 
cycle is (j,j + 2)-amenable for all j > 0. (The following argument is widely used in 
the theory of list colorings.) Let R(x) be a (j,j + 2)-restraint for the cycle whose 
vertices are x1, x2,. . . , x~,,+I around the cycle. Since R is nonconstant, there are two 
consecutive vertices with different R’s. Without loss of generality, R(xl ) # R(x2,+1 ). 
Thus, we can pick f(xl ) so that f(x, ) E R(xzn+, ) and f(xl) $! R(xl ). Now we can 
pick f(x2) $ R(x2 ), with f(x2 ) # .0x1), since there are two elements outside R(x2). 
Similarly, we can pick f(x3 ) Ff R(x3 ), with f(xj ) # f(x2); and so on. Finally, f(xzn+l ) 
can be chosen so that f(x~~+l) $! R(xzn+l ) with ~(xz~+I ) # f(~,) and f(3~2~+1) # f(xl ) 
since f(xl ) E R(x~~+l). 0 
Remark 21. The proof of Theorem 20 shows that if G is a 3-critical graph, then 
Jz(G)=co. If G is a 2-critical graph (there is only one, Kz), then J,(G)=cm. It is 
a reasonable conjecture that all k-critical graphs have Jk_1 = cm. However, this con- 
jecture is false. For, as we noted in Remark 4, there is a 4-critical graph that is not 
amenable, i.e., not (1,4)-amenable. 
In the rest of this section, we present some simple results about J3 for 3-colorable 
graphs. Theorems 12-14 and 16 give examples of 3-colorable graphs having J3 = 0, 1, 
2, and 3. We do not know an example of a 3-colorable graph having J3 = 4. Remark 24 
below will give us an example of a 3-colorable graph having J3 = 5. 
Proposition 22. K(u, v) is (j, j + u)-amenable for all j < u2 - u, u > 0, v > 0. 
Proof. Suppose j < u2 - u and R is a (j, j + u)-restraint. Let Al and A2 be the two 
partite classes of sizes u and v, respectively. Let R(x)C = { 1,2,. . . , j+u}-R(x). Suppose 
first that there are two distinct elements x and y in Al with R(x)C fl R(y)C # 8. Let 
f(x) = f(y) and let f(z) be arbitrary for other z in Al. Then if w is in AZ, R(w)C has 
u elements while at most u - 1 elements are used on Al. Hence, there is a color not 
used on Al available for f(w). 
Suppose next that R(x)C n R(y)C = 0 for all x # y in Al. Then there are u pairwise- 
disjoint sets R(x)C of size U. It follows that j + u 2 u2, which is contrary to the 
hypothesis. 0 
Proposition 23. For all s 2 2, K(s, ss) is s-colorable and has J, = s2 - s - 1. 
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Proof. First, note that K(s,s”) is s-colorable. Next, by Proposition 22, K(s,s”) is (s2 - 
s - 1. s2 - 1 )-amenable. We next note that K(s, s’) is not (s2 -s, s2)-amenable. It suffices 
to give sets S(x), not all the same, of size s from an s*-element set so that K(s,s”) 
is not S-list colorable. That such sets S(x) exist follows from the observation by 
Erdos et al. [lo] that K(k, m) is not k-choosable for m > kk and from the observation 
that for k 3 2, the sets used to show this could not all be the same, since K(k, m) is 
k-colorable. 0 
Remark 24. By Proposition 23, K(2,4) has J2 = 1, K(3,27) has 5s =5, K(4,256) has 
54 = 11, etc. 
Remark 25. We have given examples of 3-colorable graphs having 53 = 0, 1,2,3, and 
5. Any 3-choosable graph has 53 = 00. The graph Kz is trivially an example of a 3- 
choosable graph. Examples of 3-colorable graphs having J3 = J for other J are still 
unknown. 
6. Discussion and open problems 
This paper has left many open questions. We do not know whether or not there is 
a 3-colorable graph having 53 = 4,6,7 or in general Jx = J for 6 < J < 00. We know 
very little about the existence of k-colorable graphs having Jk =4,5, etc., except that 
we know by Theorem 11 that there are such graphs with Jn_ = j- 1 whenever k > j > 0. 
We also do not know much about 54 for 4-colorable graphs, J5 for 5-colorable graphs, 
etc., except again for what is given by Theorem 11. One exception here is the result 
of Proposition 23, which, among other things, leads to the conclusion that K(4,256) 
has Jd= 11. 
Perhaps not all conditions Jk = J are equally interesting. As an anonymous ref- 
eree has pointed out, Theorem 19 says that every minimal bipartite “obstruction” to 
2-choosability is a graph with J2 = 0 or 1. This referee suggests that it would be in- 
teresting to ask about possible values of Jk(G) when G is k-colorable but minimally 
not k-choosable. (S)He also suggests investigating questions such as: Are these values 
within a certain finite range? How are they related to k or to x(G) or other common 
invariants of G? 
By Proposition 5 and Theorem 20, we know that for k = 1 or 2, {Jk(G): G is 
k-colorable} is finite. However, we do not know if this is true for k = 3. That is, is 
there a J <cc such that no 3-colorable graph has 53 2 J? 
We have presented very few results here about Jk for non-k-colorable graphs. (We 
have some relevant results in Proposition 5 and Remark 21.) Two simple observations 
are that for all k > 0. graph Kk+i (which is not k-colorable) has Jk = TX), and that 
graph Kk+, plus an isolated vertex (which is also not k-colorable) has Jk = 0. A more 
systematic study of Jk for non-k-colorable graphs is awaited. 
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